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Abstract

Laminar flow in a helical pipe filled with a fluid saturated porous medium is investigated numerically. The analysis is based
on a full momentum equation for the flow in porous media that accounts for the Brinkman and Forchheimer extensions of the
Darcy law as well as for the flow inertia. Accounting for the flow inertia is shown to be important for predicting secondary flow
in a helical pipe. The effects of the Darcy number, the Forchheimer coefficient as well as the curvature and torsion of the helical
pipe on the axial flow velocity and secondary flow are investigated numerically.

0 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Flow in helical pipes has been a subject of intensive investigation. The major advantage of helical pipe flow is the occurrence
of a secondary flow in planes normal to the main flow. Secondary flow increases heat and mass transfer efficiency compared to
that in straight pipes. Dean [1] initially studied the flow in loosely coiled pipes and found the secondary flow with two symmetric
vortices. Besides the Reynolds numtiRe, another parameter, the Dean numlir, was later introduced to characterize the
magnitude and the shape of the secondary flow. Germano [2,3] suggested an orthogonal helical coordinate system and use
it to solve a laminar flow problem with a small ratio of torsion to curvature. He concluded that torsion has a second-order
effect on the helical pipe flow. The Germano numlggm, was introduced by Liu and Masliyah [4]. The Dean number given
by Dn = ¢1/2Re is a measure of the ratio of the square root of the product of inertial and centrifugal forces to the viscous
forces. The Germano number given®g = (¢1)Reis a measure of the ratio of the centrifugal forces to the viscous forces (Liu
and Masliyah [5]). Liu and Masliyah [4,5] performed a comprehensive analysis of fully-developed laminar Newtonian flows
in helical pipes of constant circular cross-sections with a finite pitch and found that when the torsion is dominant, the flow
in helical pipes approaches that in a straight pipe. When the torsion is small, the developing flow is oscillatory and the flow
develops more quickly than in a straight pipe. Numerical studies have been conducted later to examine the effects of torsion
and curvature on the fluid flow in helical pipes [6-11].
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Nomenclature
a pipe radius, m g, ur, ug Vvelocity components, s
CE Forchheimer coefficient
Da Darcy numberk /a? Greek symbols
Dn Dean numbersY/2Re £ dimensionless curvatureq
g gravity, mys? 0 angle, defined in Fig. 1(b)
Gn Germano numbelg1)Re K curvature, nt
hg dimensionless scale factor A the ratio of torsion to curvature,/«
hy, hg, hg dimensional scale factors " effective dynamic viscosity of the porous
K permeability, e medium (assumed to the same as the fluid
Re Reynolds numbep fUa/p viscosity), kgnmr1s-1
r dimensionless radial coordinate/a v effective kinematic viscosity in a porous
7 radial coordinate, m medium, nfs—1
f residual vector £ angle, defined in Eq. (2.10)
s dimensionless axial coordinat€,a of fluid density, kg nT3
5 axial coordinate, m T torsion, nt1
p pitch, m N @ porosity
P dimensionless pressurB,/,oU2 ¢ angle, defined in Eq. (2.3)
P pressure, Pa .
U bulk velocity, defined in Eq. (2.9), fis Subscripts
v velocity vector, m's s axial direction
us, ur, ug dimensionless velocity componenig,/ U, r radial direction
iy /U, iig/U 0 circumferential direction

Sandeep [12] extended the analysis of helical pipe flow to non-Newtonian fluids; the numerical research was performed in
a Cartesian coordinate system. Cheng and Kuznetsov [13] used the orthogonal helical coordinate system to study the effects of
torsion and curvature on non-Newtonian fluid flow in helical pipes and compared the flow dynamics between Newtonian and
non-Newtonian fluids.

Nield and Kuznetsov [14] presented a perturbation analysis and obtained an analytical expression for the Nusselt number
in a helical pipe filled with a porous medium for the case when flow in a pipe is described by the Darcy law. Except for
this paper, to the best of the authors’ knowledge, nothing has been published on flows in helical pipes filled with a fluid
saturated porous medium. The aim of the present paper is to fill this gap in the literature. Flow in helical pipes filled with a
fluid saturated porous medium is relevant to a number of engineering and biological applications, such as the flow in a helical
segment of clotted human coronary artery. This paper investigates laminar flow in a helical pipe filled with a porous medium.
Since the secondary flow in a helical pipe becomes significant at relatively large flow velocity, it is insufficient to describe
the drag that the porous medium imposes on a fluid by using just one linear (Darcy) term; at larger filtration velocities the
surface drag due to friction becomes comparable with the form drag due to solid obstacles (Nield and Bejan [15]). Since the
form drag due to solid obstacles is proportional to the square of the filtration velocity, to account for this effect an additional
guadratic drag term is introduced into the momentum equation, which is called the Forchheimer term. In this paper, the most
general form of a momentum equation for porous media, the Brinkman—Forchheimer-extended Darcy equation with inertia
terms, is utilized; this equation is solved numerically in an orthogonal helical coordinate system suggested by Germano [2,3].
The geometry of a helical pipe is characterized by the curvature and torsion. In this study, the effects of the Darcy number,
the Forchheimer coefficient, the curvature and torsion of the helical pipe on the axial flow velocity and secondary flow are
investigated numerically. The investigation shows that increasing the Darcy number increases the distortion of the axial velocity
profile and enhances the secondary flow. Increasing the Forchheimer coefficient decreases the axial velocity and the secondan
flow. The dimensionless curvature of helical pipes affects both the axial velocity distribution and the secondary flow, but the
ratio of torsion to curvature produces a noticeable effect only on the secondary flow.
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Fig. 1. (a) Schematic diagram of a helical pipe. (b) The orthogonal helical coordinate system.

2. Governing equations

Fig. 1(a) shows the schematic diagram of a helical pipe which is characterized by two parameters, the cupeatdrine

torsion,z, which are defined as, respectively

R )4
K=—5>, T=———. 2.1
R2+p2 R2+p2 ( )

Fig. 1(b) displays the orthogonal helical coordinate system introduced by Germano [2,3] with the helical coerftintte
axial direction for the radial direction, and for the circumferential direction. The metric for this coordinate system is given

by
o - dx = [1+ k7 SiN@ + $)]°(d5)? + (d7)? + 72(d0)?, (2.2)

where

5
oG =— / (5 ds’. (2.3)
50
The continuity and momentum equations in the vector form are
V-v=0 (2.4)
and

C .
_ B EFP g, (2.5)

PrL . vyv=—vP+ *v2y
¢)2(v V)V= VP—i-(pV e X172

wherek is the permeability of the porous mediuf; is the Forchheimer coefficient, agds the porosity.

Eq. (2.5) is a full momentum equation for the steady flow in porous media that accounts for the Brinkman and Forchheimer
extensions of the Darcy law as well as for the flow inertia [15].

In the orthogonal helical coordinate system, the scale factors are given by

hs = 1+ k7 sin@ + ¢), hr =1, ho =F. (2.6)
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The dimensionless governing equations for the flow in a porous medium written in the orthogonal helical coordinate system are
the continuity equation

d(rus) | d(rhsur)  3(hsup)
as + or + a6
and the momentum equations

=0 (2.7

ii(a(m‘”“) + O(rhsuris) + thu@uv)) + (pzl’f us (ur SINO + @) + ug COLO + ¢))

@2 hsr as or a0
_ 19P 111071 auy)  dGhsy) | 0hsup)
hg ds ¢ Re| hg ds | hgr as or 00
1/0 Bur ( ) d 1 8( - ( )
_ = - u ru
ar \ny \as s45) ) ) = 5 \ ngr \ g 154) ~ g (e
11 C 2,1/2
~ ReDa’* ~ oa 1/2145(14 —|—ur+u )4, (2.83)
2
1 1 /0@(rusuy) O@hsuruy) 0(hsuguy) 1 ug 1
S——+——+— )-S5 2sin(o
¢2hsr< s T ar T a0 o2 r ¢2h us SIn® + ¢)
9P 11 1 [0(ruy) N d(rhguy) " 0(hsug)
or (pRe ar hsr as ar a0
1 hg ouy o [ r [ouy 0
= (Z(E(2 S T IV (LA e A TR
hsr(89< ( (rug) )) as <hy( o ar' S””)))}
11 Cg 2.1/2
_R—eD_a r D l/zur(us +u +u ) 3 (28b)
1 1 [0@(rusug) O(rhsurug) 9d(hsugug) 1 Urug
Ra — & —uscogf =
(p2h5r< s o T a6 2h u5 cog +¢)+¢
1P 1 1 (10 1 7[a a(rh ah
ST S e B (rus) + (rhsuyr) + (hsug)
r o0 @ Rep |r a0 | her as ar a0
1/0/1 /90 B d [ hy uy
(== Zn _Z I RO _
Iy (33 <h5r<80( stts) m(me))) ar( r < (ru) >))}
11 Cg 2,1/2
_R_eD_a ~ Da 1/2u9(u +u +ug)e, (2.8¢)
where
2 » iy iy @ P T
S=%, r=§, (Us, Uy, ug) = (ﬁ,é,g), P:—pr2, & =«ka, A:E’
27 1
. prUa K 1 (2.9)
hg =1+4¢rsini@ +¢), Re= —, Da=—2, U=— ugr drdo,
" a T

wherea is the radius of the pipe, arid is the bulk velocity defined in Eq. (2.9).
A fully developed laminar flow is considered so that the dynamic variables except for the pressure are independent of
therefore, a simplifying transformation is performed frepe, 6 to s, r, &:

a a d 0 a
0 = — —fA—, — = —. 2.10
R Ana i Niadr Rk PalV Radpy: (2.10)
The governing equations are then reduced as:
d(rus) O(rhsuy) d(hsug)
—eA
“T T T

=0, (2.11)
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11 o(rusug)  o(rhsurug)  d(hsugug) 1 ¢ .
—en == sin co
5 < & T + ar + o +(p2hsu5(ur & 4+ ug cOst)

__i(a_P_ ﬁi)ﬁi{_ Aii[i[_ , 20uy) +a(rhsur)+a<hsue>]]
= as M 9E ) T oRe| hy 0e L nr | T 0e or o8

170 (r dur 0 a1 /0 bl
= (o (5 (o3 = rmw) ) =5 (i (G o e oa g o)) )}

F 2 2 2\1/2
~ ReDal’s ~ perzlis (45 +ur +u) /2, (2.12a)

L1 (8w | dChuuy) | dsuou)) 1w 1 e oo
(pzhsr 0& or d& (p2 r (pzh $
_ 0P LA[O[ AT aGuy) | dChsur) | d(hsug)
or @ Re|dr| hsr a& ar &
1 /0 (he(d duy [ dup 9
- (=== - A —(—er=L — —(n
hsr<8$<r (ar(r”‘)) PY; ))’Le 98 (hs< e " art S"”)))}
11 Cr 2., 2, 2.1/2
T ReDa" T Dgiz"r s Tur+up) 2, (2.12b)
1 1 o(rusug)  O(rhgurug)  Jd(hsugug) 1e o 1 urug
—— —exr — ——usco -
Py h5r< R T T o2 0, SO
_ Lap LA (1A[ AL aGus) | dhwu) | (hsup)
r 0§ @ Re|r d& | hgr & or &
Lo (2 (2 thyuy) + 02 rug) T (s (2 gy — 2w
—— | —eA—| — —=(hsu el—(ru —— | — = Cug) — —
hy 9 \ngr \ g 08 g 0 ar \r \ar 00T g
11 Cr
— R—eD—au(() — m%g(”? + 1,{,2 + llg)l/z (212C)

3. Computational procedure

The governing equations are discretized based on a control volume method on an evenly spaced 41 by 41 mesh. The
convection—diffusion terms are discretized with the power-law scheme (Patankar [16]) and the other terms are approximated

Axial velocity contour Axial velocity 3D plot Vector plot of secondary flow
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Fig. 2. Contour lines and 3D plot of the axial velocity and vector plots of the secondary floRy/ds & —10, Ck = 0.55,¢9 = 0.95,¢ = 0.1,
A = 0.1 for different Darcy numbers: (&a=5 x 104, (b) Da=1x 1073, (c)Da=5 x 1073, (d)Da=1x 102, (e)Da=5x 1072,
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Fig. 2. Continued.
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Fig. 3. Axial velocity profiles in the horizontal (left) and vertical (right) cut view of the pipeRtdt = —10, Cg = 0.55,¢ = 0.95,¢ = 0.1,
A = 0.1 for different Darcy numbers. The curves for differ&tin Fig. 3 correspond to the cases (a)—(e) displayed in Fig. Dda} 5x 104,
(b)Da=1x 1073, (c)Da=5x 1073, (d)Da=1x 1072, (e)Da=5 x 10°2.

Axial velocity contour Axial velocity 3D plot Vector plot of secondary flow

Fig. 4. Contour lines and 3D plots of the axial velocity and vector plots of the secondary floiy/dt e —10, Da=1 x 1073, ¢ =0.95,
¢ =0.1, » = 0.1 for different Forchheimer coefficients: (@ = 0.0, (b) Cg = 0.25, (¢)Cg = 0.50, (d)Cg = 0.75, (e)Ce = 1.0.

with central differences. The SIMPLE algorithm (Patankar [16]) is utilized on a staggered grid arrangement to solve the gov-
erning equations.

A one-dimensional parabolic velocity profile is imposed as the initial guess. Computations are terminated when the conver-
gence criterion is met. The following criterion is adopted

A(k)

r

||AO lloo < 75’ 3.1)
||r( )||oo

wheref is the residual of the pressure correction equation obtained from the continuity equation when using the SIMPLE
method. The superscript®) and (k) refer to the initial value andth iteration, respectively. A no-slip boundary condition is
assumed at the walls of the helical pipe. In the coordinate system utilized in this research, there is a numerical singularity at the
pipe axis ¢ = 0), so boundary values are needed for flow quantities, which are either located directly at the pipe axis or at the
opposite sides of the pipe axis (Hittl [8], Cheng and Kuznetsov [13]).

If an even number of cells in the circumferential direction is used, matching of axial velocities from the opposite sides of the
pipe axis can be utilized:

Ar Ar
Ug <s,—7,9> = ug (s, 7,9—}—%). 3.2)
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Fig. 4. Continued.
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Fig. 5. Axial velocity profiles in the horizontal (left) and vertical (right) cut view of the pipe Bfdl = —10, Da
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20,

Fig. 7. Contour lines of the axial velocity atPgds = —10, Da = 1 x 1073, Cg = 0.55, ¢ = 0.95, A = 0.1 for different dimensionless
curvatures: (ay = 0.1, (b)e =0.2, (c)e = 0.5, (d)e =0.8.

An appropriate matching condition for the circumferential veloaigyis

A A
ug(s,—%,&)z—ug(s,%,@—l—n). 3.3)

The minus sign is due to the fact that the direction of the circumferential veloaditysadefined opposite of that ét+ 7. The
value of the radial velocity at the pipe axis is determined by a linear interpolation across the axis:
ur(s, Ar,0) —uy(s, Ar,0 +m)

> .

The minus sign results from the fact that the coordinate direction changes for the radial velocity when taking the value from the
opposite side.

ur(s,r=0,0)= (3.4)
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Fig. 8. Axial velocity profiles in the horizontal (left) and vertical (right) cut view of the pipe Afdl = —10, Da=1 x 1073, Cgp = 0.55,
¢ =0.95, ) = 0.1 for different dimensionless curvatures. The curves for differentig. 8 correspond to the cases (a)—(d) displayed in Figs. 6
and 7: (a) = 0.1, (b)e = 0.2, (c)e = 0.5, (d) e = 0.8.

An initial value of the Reynolds number, which is needed to start iterations, is estimated as follows. The flow is driven by
a constant pressure gradier® 45 that has to balance the fluid friction in a porous medium. If fluid friction was modeled by
only the Darcian resistance, the axial pressure gradient would be estimated as

P p
5 = s (3.5
This gives the following equation that relates the dimensionless pressure gradient and the Reynolds number defined in Eq. (2.9)
dp 1
ds  DaRe’ (3.6)

This is used to evaluate only the initial valueRd. During the iteration procesRe s evaluated according to Eq. (2.9) utilizing
the value of the mean velocity from the previous iteration.

4, Resultsand discussion

This paper investigates the fully-developed laminar flow in a helical pipe filled with a fluid saturated porous medium driven
by a constant pressure gradient. Fig. 2 displays the axial velocity contours, axial velocity profiles and velocity vector plot of the
secondary flow in the plane normal to the main flow at different Darcy numbers. It shows that the axial velocity increases with
the Darcy number. This is because a larger Darcy number means larger permeability, which results in larger filtration velocity.
The axial velocity profiles show that when the Darcy number is very small, the profile of the axial velocity is almost that of a slug
flow. The effect of the centrifugal force that is usually important in helical pipe flow can not be observed. With an increase of
the Darcy number, the distortion of the velocity profile becomes apparent and the maximum axial velocity is displaced towards
the outer wall. The effect of the Darcy number on secondary flow is also significant. For small Darcy numbers, the secondary
flow can not be seen but when the Darcy number is increasecktd® 2, the secondary flow becomes very strong. The axial
velocity profiles for the horizontal and vertical cut view at different Darcy numbers are plotted in Fig. 3. It clearly shows the
trend of the axial velocity described above when the Darcy number changes.

Fig. 4 displays the effects of the Forchheimer coeffici€lpt, on the fluid flow in a helical pipe filled with a porous medium.

The contour lines and the 3D plots of the axial velocity show that the distributions of the axial velocity are similar for different
values ofCE except that the value of the axial velocity decreases @thA larger Forchheimer coefficient means larger form

drag due to solid obstacles in the porous medium, therefore, the axial velocity decreaseSpwhereases. The secondary

flow is also damped a little for larger Forchheimer coefficients, as shown in the vector plots of the secondary flow. Fig. 5 shows
the profiles of the axial velocity for both the horizontal and vertical cut view of a cross-section normal to the pipe axes. The
distortion of the axial velocity profile is observed for all displayed cases. The velocity profiles in the core region of the pipe
(outside the boundary layer region) computed for different values of the Forchheimer coefficient are parallel to each other.
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Fig. 9. Vector plots of secondary flow aPgdds = —10, Da= 1 x 10~3, Cg = 0.55, ¢ = 0.95, A = 0.1 for different dimensionless curvatures:
(@)e=0.1, (b)e =0.2,(c)e =0.5, (d)¢ =0.8.

Figs. 6—8 and 9 present the effect of the dimensionless curvatwe the distribution of the axial velocity. Both 3D (Fig. 6)
and 2D (Fig. 7) plots of the axial velocity show that wheincreases, the maximum axial velocity is displaced to the outer
wall and the value of the maximum axial velocity increases. Fig. 8 presents profiles of the axial velocity for the horizontal and
vertical cut view. It is interesting that the profiles are quite flat for the horizontal cut view and are relatively indepem¢lér of
profile for the vertical cut view, however, is inclined to the outer wall and becomes steeper when the dimensionless curvature,
g, increases. The profile of the axial velocity becomes cuneiform for the case 6f8. The vector plots of the secondary flow
displayed in Fig. 9 show that the secondary flow is almost invisible for the case-@1 but whene increases the secondary
flow becomes much stronger.

Fig. 10 compares the contour lines of the axial velocity, vector plots of the secondary flow, contour lines of the circum-
ferential velocity and the radial velocity for different ratios of torsion to curvaturép.1, 0.5, and 1.0, respectively) when
dP/ds is fixed at—10, Darcy numbeba is 1 x 10*3, Forchheimer coefficier@ is 0.55,¢ is 0.95, anc: is fixed at 0.1. The
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(b)

Fig. 11. Axial velocity (left) and secondary flow (right) computed fdt/dls = —10,Da=1 x 1072, Cg = 0.55, 9=0.95=01,1=0.1
utilizing (a) the full momentum equation (with the inertia term) (b) truncated form of the momentum equation (without the inertia term).

contour lines of the axial velocity are similar for the three cases computed with different valuemdfthe distributions and
magnitudes of the axial velocity are almost identical. It seemsitlftes not have much influence on the axial velocity. Nev-
ertheless, the vector plots of the secondary flow depend up@fhen the ratio of torsion to curvature increases, the secondary
flow becomes stronger. The contour lines of the circumferential velocity and radial velocity also show that the magnitudes of
velocity components in the plane normal to the main flow increase withowever, the magnitudes of circumferential and
radial velocity are very small compared to that of the axial velocity.

To show the importance of the inertia term for predicting the secondary flow, Fig. 11 presents computational results obtained
using the full form of the momentum equation (with flow inertia) and the truncated form of the momentum equation (with
the inertia term neglected). This figure shows that when the inertia term is accounted for in the momentum equation, the axial
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velocity is greater and the secondary flow is apparent. When the inertia term is neglected, the secondary flow can not be
observed.

5. Conclusions

The laminar flow in a helical pipe filled with a fluid saturated porous medium is investigated. A full momentum equation
that accounts for the Brinkman and Forchheimer extensions of the Darcy law and the flow inertia is utilized. The governing
equations are projected on an orthogonal helical coordinate system. The objective is to study the effects of the parameters
characterizing the porous medium, the Darcy numbar,and the Forchheimer coefficierly, and the geometrical parameters
of helical pipes, dimensionless curvaturgand the ratio of torsion to curvature, For a given helical pipe, if the Forchheimer
coefficient is constant, increasing the Darcy number results in larger axial filtration velocity and the distortion of the axial
velocity profile caused by the centrifugal force becomes more apparent. A maximum axial velocity is displaced towards the
outer wall. The secondary flow is also intensified with increase in the Darcy number. Déhenfixed, the axial velocity
decreases and the secondary flow becomes weaker when the Forchheimer coefficienteases. In the core region of the
helical pipe, the profiles of the axial velocity are represented by straight lines which are parallel to each other for different values
of the Forchheimer coefficient. Whé&a andCr are fixed, investigation shows that the dimensionless curvatuaéfects both
the axial velocity distribution and the secondary flow, but the other dimensionless parameter, the ratio of torsion to curvature,
A, affects only the secondary flow. Whelincreases, the flow through the helical pipe is dragged more to the outer wall and the
profile of the axial velocity changes from flat to cuneiform. The secondary flow is not visible for snball becomes stronger
whene increases. The larger ratio of torsion to curvatusgesults in stronger secondary flow but does not significantly affect
the distribution of the axial velocity. Computations utilizing the truncated form of the momentum equation (with the inertia
term neglected) show that accounting for the inertia term is crucial for predicting secondary flow in a helical pipe. Thus, in a
curved pipe, utilizing the Brinkman—Forchheimer extension of the Darcy law is insufficient to correctly predict the secondary
flow. The inertia term must be accounted for as well.
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